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Campbell’s theorem ensures that all vacuum space–times in general relativity can be embedded in ﬁve
dimensions, with the 4D scalar curvature expressed as an effective cosmological ‘constant’ Λ which
depends on the extra coordinate. This Λ-landscape can be used to give insight to certain physical
phenomena, such as the big bang and quantized particles.
© 2011 Elsevier B.V. Open access under CC BY license.1. Introduction
The curvature of the world as described by Einstein’s equations
can alternatively be approached by embedding four-dimensional
general relativity in a ﬁve-dimensional space, a result guaranteed
by an old theorem of Campbell [1]. Perhaps paradoxically, the
working is simpler, irrespective of whether the ﬁfth dimension is
considered to be an algebraic ﬁction or a real thing. It was there-
fore possible in a recent paper to show that in 5D, the 4D Einstein
equations are complemented by an extra function which describes
a wave and obeys the Klein–Gordon equation typical of quantum
mechanics [2]. Insofar as the world consists largely of vacuum,
a natural goal of the 4D/5D approach is the clariﬁcation of space–
times empty of ordinary matter, all of which can by Campbell’s
theorem be embedded in a 5D metric of canonical type (see be-
low). Since 4D vacuum space–times are typiﬁed by a cosmological
constant Λ, the aim is to give a better account of this parameter.
Below, it will be shown that in 5D the cosmological ‘constant’ be-
comes in general a function of the extra coordinate; and that it is
possible for a small Λ-dominated region of space–time to take on
the characteristics of a quantized particle.
The 5D canonical metric has a considerable literature [3], for
which a review is available [4]. It consists basically of the 4D met-
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an extra ﬂat piece. Algebraically, the canonical metric represents
the 5D version of the synchronous coordinate system of 4D stan-
dard cosmology, and both lead to considerable simpliﬁcation in the
working of their respective applications. Effectively, 4D space–time
becomes a kind of spherically-symmetric subspace in 5D, where
the extra coordinate plays the role of the ‘radius’. This can be used
to give a much simpliﬁed account of the 4D curvature, now mea-
sured extrinsically by the ﬁfth coordinate rather than intrinsically
by the four space–time coordinates and Einstein’s equations. This
method is analogous to mapping the surface topology of the Earth
directly in terms of the radius from the centre, rather than us-
ing triangulation and other complicated procedures conﬁned to the
surface. The canonical 5D metric, when its 4D part is independent
of the extra coordinate, yields an immediate expression for the ef-
fective 4D cosmological ‘constant’ [4]. This can, however, depend
on the value of the extra coordinate. In this way, there is deﬁned
a kind of Λ-landscape, similar in nature to the landscapes used
to aid visualization of the various versions of higher-dimensional
cosmology currently in vogue [5]. The 5D Λ-landscape is, how-
ever, not only pictorial but also amenable to calculations which can
be tested. For example, the canonical 5D metric has been used to
derive a model for the big bang, in which Λ is positive and diver-
gent at the origin but later decays to a small value, agreeing with
modern supernova data [6]. This cosmological model was based on
previous work which showed that the 4D cosmological ‘constant’
could diverge when the extra coordinate had a critical value [7,8],
though the possibility of Λ being variable in higher-dimensional
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recently, there has been intensive work on the application of 5D
canonical spaces to 4D inﬂationary cosmology [10], which shows
that the 5D theory agrees with observations of the early universe.
In the present account, the focus is somewhat different. I will
examine the Λ < 0 case, as indicated by the vacuum ﬁelds of par-
ticle physics. As before, there can exist a 4D hypersurface where
|Λ| is divergent; but this surface is different from that of mem-
brane theory, being asymmetric, and traversible by a wave in the
extra dimension which is typical of the Λ < 0 case. This wave is
actually trapped by the ‘grove’ formed by the dropout in Λ, and
on the basis of a simple model it transpires that the system shows
the standard quantization rule typical of particles.
Below, Section 2 treats the 4D cosmological ‘constant’ as de-
rived from 5D canonical space. Section 3 examines a simple model
based on the behavior of Λ which shows quantization and may be
relevant to particles. Section 4 is a conclusion and discussion. This
account should be considered provisional, because it will become
apparent that it has many implications which will require further
study.
2. Canonical space and the cosmological ‘constant’
The canonical metric in its original form is algebraically simple
but general enough to handle any physical situation. It is com-
monly written
dS2 = (l/L)2gαβ
(
xγ , l
)
dxα dxβ ± dl2. (1)
Here the coordinates of space–time are augmented by an extra
length measure (x4 = l) orthogonal to space–time. The latter has
a 4D interval ds2 = gαβ(xγ , l)dxα dxβ which may, however, depend
on the extra coordinate. This dependency is known to be associ-
ated with the presence of matter, whose nature can be determined
by reducing the 5D Ricci-ﬂat equations RAB = 0 to the 4D Ein-
stein equations Gαβ = 8π Tαβ . (The 4D coordinates run 0, 123 for
time and ordinary space, the 5D coordinates run 0, 123, 4 and the
constants c and G are absorbed by a choice of units.) The noted re-
duction follows from the general form of Campbell’s theorem, and
means that pure geometry in 5D gives rise to or induces matter
in 4D. Many studies have been made of this (a review is given in
Ref. [11]), but it will not ﬁgure signiﬁcantly in what follows, where
the emphasis is on the metric and its associated dynamics.
In this regard, the 5D geodesic equation for (1) splits natu-
rally into a 4D part which describes motion of the conventional
geodesic type with an additional term due to the l-dependence of
gαβ(xγ , l), plus an extra part which describes the evolution of l.
The last is usually presented using the 4D proper time s as param-
eter, because there is already a large body of information available
on motion measured with respect to the 4D proper time, with
which it is instructive to make contact. Also, it has been known for
a while that the timelike paths of massive particles in 4D (ds2 > 0)
correspond to null-paths in 5D (dS2 = 0). This means that massive
particles in 4D are photon-like in 5D, so perforce it is necessary
to use s rather than S as dynamical parameter. The path l = l(s)
will prove to be of importance. It depends on the constant length
L in (1), which is present there for physical consistency but will be
seen below to measure the energy density of the vacuum.
The canonical metric in what is sometimes called its pure form
is obtained from (1) by eliminating the l-dependence of the 4D
metric tensor. This eliminates ordinary matter from the manifold
but leaves a ﬁnite energy density for the vacuum, which has the
classical equation of state pv = −ρv = −Λ/8π where Λ is the
conventional cosmological constant. The metric is commonly writ-
tendS2 = (l/L)2 ds2 ± dl2, (2a)
ds2 = gαβ
(
xγ
)
dxα dxβ, (2b)
Λ = ∓3/L2. (2c)
Here a spacelike extra coordinate corresponds to Λ > 0 while a
timelike one corresponds to Λ < 0. Both choices are valid, because
x4 = l does not have the physical nature of a time, so there is
no problem with closed chronology. The main consequence of (2)
comes from applying to it the 5D null-path condition (dS2 = 0).
The result is two different forms for the motion in the extra di-
mension as a function of proper 4D time. For the spacelike case,
l(s) is real and monotonic. For the timelike case, l(s) is com-
plex and oscillatory. These forms will be examined in more detail
shortly.
The shifted pure-canonical metric is a recent algebraic devel-
opment of (2) which enables the derivation of some signiﬁcant
physics. The last part of (2) is unchanged by a shift l → (l − l0)
in the extra coordinate, where l0 is a constant length. The new
metric and its attendant cosmological ‘constant’ may be written
dS2 =
(
l − l0
L
)2
ds2 ± dl2, (3a)
ds2 = gαβ
(
xγ
)
dxα dxβ, (3b)
Λ = ∓ 3
L2
(
l
l − l0
)2
. (3c)
The change in the expression for Λ, here versus (2) above, appears
rather drastic. However, the form (3c) has been derived by two dif-
ferent analyses [7] and veriﬁed by a third [8]. Closer investigation
reveals that there is a physical reason for the change from (2c) to
(3c). It is that the 5D and 4D groups of coordinate changes
xA → x¯A(xB), xα → x¯α(xβ) (4)
are different. The 5D group is wider than the 4D one, so a gauge
change which involves the extra coordinate x4 = l will in general
change the value of a 4D quantity. That is, in 5D relativity the en-
ergy density of the vacuum as measured by Λ is gauge-dependent,
so the constant value of (2c) changes to the variable one of (3c).
This will be conﬁrmed in Section 4 below, where a whole class
of vacuum-type solutions of the 5D ﬁeld equations will be quoted.
Here, it should be noted that the l-dependence of Λ in (3c) implies
that it is also dependent on the space–time coordinates, because
the equations of motion include a relation l = l(s). That is, the cos-
mological ‘constant’ is generally variable in space–time.
The motions l = l(s) obtained from the 5D null-path condition
(dS2 = 0) applied to the shifted pure-canonical metric (3) are given
by
l = l0 + l∗ exp(±s/L) (l spacelike), (5a)
l = l0 + l∗ exp(±is/L) (l timelike). (5b)
Here the sign choice merely reﬂects the reversibility of the motion
in the extra dimension. The path l(s) is deﬁned by the shift con-
stant l0 and two other constants l∗ and L, which for (5b) measure
the amplitude and wavelength of the wave. As seen before, the
length L also measures the magnitude of the (local l-dependent)
cosmological ‘constant’, or equivalently the size of the potential
well for the 4D metric and its dynamics. It will be seen in Section 3
that these constants can be related to the dynamical parameters
of a particle/wave moving in space–time, including its mass. The
monotonic motion (5a) and the oscillatory motion (5b) are related,
as noted above, to whether Λ > 0 or Λ < 0. This depends in turn
on the nature of the 4D space–time which is embedded in the 5D
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embed any vacuum solution of the 4D Einstein equations. Included
is the Kerr–Newman solution, which has an effective gyromagnetic
ratio of 2, agreeing with that of the electron and suggesting that
this solution of general relativity might be a classical model for the
elementary particle [12]. However, the simplest 4D vacuum solu-
tion is the local one of de Sitter, which exists with both signs of Λ.
This will be taken below as the default 4D kernel for the 5D met-
ric. With present terminology, the 4D Gaussian curvature for de
Sitter is K = −1/L2 for Λ > 0 and K = +1/L2 for Λ < 0. This im-
plies that, in general, the motion l(s) is monotonic for an open
space–time and oscillatory for a closed space–time.
Fig. 1 is a plot of the function Λ(l) as given by (3c), though
not all parts of that plot may be accessible to a real particle or
wave with the motions l(s) of (5a) and (5b). Some features are
striking. For Λ > 0, this parameter is divergent for l = l0 (s = 0),
and decays with Λ → +3/L2 for l → ∞(s → ∞), tending to the
value typical of the unshifted metric (2). For Λ < 0, a wider vari-
ety of behavior is possible. The constants l0 and l∗ are arbitrary in
(3c) and (5b), but might be constrained by the topology in prac-
tice (see Section 3). Basically the motion is oscillatory about l0,
with (l0 − l∗) l  (l0 + l∗). Formally, Λ is divergent at l = l0, but
the wave can traverse this. Effectively, the wave is trapped in the
‘groove’ formed by the negative divergence of Λ. The average value
of Λ can be calculated by inserting the root-mean-square value of
(5b) into (3c). The result is
Λ = − 3
L2
,
l0
l∗
 1, (6a)
Λ = − 6
L2
(
l0
l∗
)2
,
l0
l∗
 1. (6b)
The second of these applies to a wave whose amplitude is small
compared to the shift, a situation which is physically plausible. It
is seen that the value of Λ is boosted above what might have been
expected from the L in the metric, by a factor which depends on
the ratio of the shift to the amplitude. Physically, this is another
expression of the existence of the divergence at l = l0, and the fact
that a small-amplitude wave is preferentially located there. Given
that the shifted pure-canonical metric (3) allows of both positive
and negative values of the cosmological ‘constant’, it is interesting
to consider a model universe consisting of a background with an
open topology, studded with small isolated inclusions with closed
topologies. The preceding results imply that the background has Λ
positive and relatively small, while the inclusions have Λ negative
and of large magnitude.
3. Canonical space and quantization
In the preceding section, it was shown that shifted pure-
canonical space with a timelike extra dimension and Λ < 0 leads
to a wave. The extra coordinate x4 = l oscillates around a ﬁducial
wave l0 with amplitude l∗ and wavelength L. The extra coordi-
nate is orthogonal to space–time, and with the 4D proper time s
as parameter the motion involves exp(±is/L). The inference is that
there is a wave running around space–time, which is in fact identi-
cal to the wave function of wave mechanics given the identiﬁcation
L = h/mc where m is the rest mass of the associated particle. (In
this section, conventional units are used for atomic constants to
aid understanding, so L is the particle’s Compton wavelength.) This
interpretation of 5D relativity has been investigated in detail re-
cently [2], where it is apparent that the extra coordinate x4 = l
also plays the role of a wave function when it is regarded as a pa-
rameter for an embedded 4D space. Notably, the ‘extra’ equation
of motion for l = l(s) is identical to the Klein–Gordon equationFig. 1. A schematic plot of the cosmological ‘constant’ Λ as a function of the extra
coordinate l, according to (3c) of the text. The stippled region is a trap for the wave
(5b).
of 4D quantum mechanics. Given these indications, it is desir-
able to construct a provisional model where a closed region of
space–time represents a particle, and to see if it shows quanti-
zation.
It is straightforward to construct a toy model of this type. The
anti-de Sitter solution (Λ < 0) is frequently used to study the over-
lap between cosmology and particle physics, and it is adopted
here. This means that the appropriate topology is circular, as
shown in Fig. 2. Referring to this, the locus of the l-wave is a circle
of radius l0 and the fundamental mode has wavelength L (though
overtones are presumably allowed with wavelengths L/N where N
is an integer). Clearly, one wave has to ﬁt into the circumference
2π l0, so 2π l0 = L = h/mc and l0 = h¯/mc. This length ﬁxes the an-
gle dθ = ds/l0 around the orbit from a point P which marks the
impact of a scattered particle. Substituting the previously-found
expression for l0 gives the angle as dθ =mcds/h¯. For n revolutions,
2πn∫
0
dθ =
∫
mcds
h¯
, mcs = nh. (7)
The analysis leading to this result is transparently simple.
The particle the model describes, like the basic Klein–Gordon
equation, has no electric charge and no spin. However, the 5D met-
ric in its full form can describe both these things, and over the
years work has been done on various 5D electromagnetic effects
[13] and the extension of the Dirac equation from 4D to 5D [14].
At the expense of algebraic complication, it is therefore possible to
generalize the toy model outlined above.
There are, indeed, several other and more complicated ways to
construct models of this type. But I have found that nearly all of
them imply quantization when the abstract l-wave of 5D is con-
nected to physics by the embedding of a realistic 4D solution. In
this regard, however, it should be stated that there are many more
realistic solutions of the 5D ﬁeld equations RAB = 0 than there
are of the 4D Einstein equations in the vacuum form Rαβ = Λgαβ .
This is partly because many of the solutions which are unique in
4D are not so in 5D. (Birkhoff’s theorem in its conventional form
breaks down as discussed in Ref. [11].) It is instructive to con-
sider in this context the embedding in 5D canonical space of the
4D Schwarzschild–de Sitter solution [3]. This has been used to test
the acceptability of 5D relativity by the classical tests in the solar
system, and with Λ = +3/L2 is given by
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agates around the closed surface of space–time s, according to (5b) of the text. In
the latter the fundamental mode is treated, whereas in the ﬁgure a harmonic with
shorter wavelength is shown. The point P marks the impact of a scattered particle.
dS2 = l
2
L2
[(
1− 2M
r
− r
2
L2
)
dt2
− dr
2
(1− 2M/r − r2/L2) − r
2 dΩ2
]
− dl2. (8)
Here dΩ2 ≡ dθ2 + sin2 θ dφ2 and M is the central mass for the
3D space. That this is an exact solution of RAB = 0 may be ver-
iﬁed by algebra or a computer program such as GRTensor [3,11].
The 5D Kretschmann scalar RABCD R ABCD for (8) is proportional
to (M2/r6)(L/l)4. Since M → 0 gives the embedded de Sitter solu-
tion, the implication is that the latter is ﬂat in 5D even though it is
curved in 4D. This may be conﬁrmed by computer, which may also
be employed to check the 5D ﬂatness of generalizations of de Sit-
ter. A class of exact solutions of RAB = 0 which also has RABCD = 0
is given by
dS2 = (l/L)2[A2 dt2 − B2 dr2 − C2r2 dΩ2]− dl2, (9a)
A ≡
(
1− r
2
L2
)1/2
+ αL
l
, B ≡ 1
(1− r2/L2)1/2 ,
C ≡ 1+ βL
2
rl
. (9b)
Here α and β are dimensionless constants, and when both be-
come zero the 5D canonical embedding for the standard 4D de
Sitter solution is recovered. The solutions (9) represent variations
on the classical de Sitter vacuum, and exist basically because of the
inequivalence of the 5D and 4D gauges (4). These and similar solu-
tions are algebraically straightforward, because they are ﬂat in 5D,
though of course not all solutions which are ﬂat in 5D are neces-
sarily vacuum ones.
More complicated solutions of the 5D ﬁeld equations, with both
vacuum and matter, can be found by using a metric more gen-
eral then the pure-canonical one. The latter can be set up either
by choosing the coordinates appropriately [3] or by using coor-
dinate transformations judiciously [4]. The pure-canonical metric
is typiﬁed by having no electromagnetic potentials (g4α = 0), a
normalized scalar potential (g44 = ±1), and a 4D segment where
after factorization by (l/L)2 the 4D potentials are independent of
x4 = l. Then the 5D equations RAB = 0 reduce to the 4D ones
Rαβ = Λgαβ typical of the classical vacuum. The latter has thestandard equation of state, which is unique in general relativity
because only the combination (ρ + p) = 0 ensures the stability
of the source (whatever its composition). These comments serve
to remind that for more complicated metrics than canonical, one
way to identify the presence of a vacuum source is to pick out
a term having the noted equation of state from the effective 4D
energy–momentum tensor Tαβ (see Ref. [11, pp. 14–18]). As noted
in Section 1, the value of Λ determined in this way, because it uses
Einstein’s equations in the hypersurface of space–time, is some-
times called intrinsic. A complementary way to obtain Λ, which
uses the coordinate x4 = l orthogonal to space–time, is sometimes
called extrinsic. The most direct route to this is to calculate the 4D
scalar curvature R , not using its usual textbook deﬁnition in 4D,
but using its value as given by the embedding in 5D. Considerable
work has been done on this and related subjects, employing Camp-
bell’s theorem as a basis [11]. A more general metric than those
considered before and its associated scalar curvature are given by
dS2 = gαβ
(
xγ , l
)
dxα dxβ + εΦ2(xγ , l), (10a)
R = ε
4Φ2
[
gμν,4gμν,4 +
(
gμν gμν,4
)2]
. (10b)
Here ε = ±1 and a comma denotes the partial derivative with
respect to x4 = l. This metric accommodates both ordinary (electri-
cally neutral) matter and vacuum. When (10) reverts to the pure-
canonical form (2), the result is |R| = 4|Λ| = 12/l2. This matches
the intrinsic result |Λ| = 3/L2 noted before on the hypersurface
l = L of space–time. In more complicated cases, R = R(l) deter-
mines the varying curvature of a vacuum-dominated space–time
in terms of the extra coordinate. Equivalently, Λ = Λ(l) determines
what may be termed the lambda landscape.
4. Conclusion and discussion
Above, it has been shown that when the dimensionality is ex-
tended from 4 to 5, the cosmological ‘constant’ of general relativity
becomes a variable function of the extra coordinate (Fig. 1); and
that the motion in the extra dimension is monotonic (Λ > 0), or
oscillatory (Λ < 0) with a trapped wave which shows the conven-
tional type of quantization (Fig. 2; the model illustrated there is
more logical than earlier ones). These results, together with the
recovery of the Klein–Gordon equation demonstrated in a previous
work [2], imply that 5D space–time–matter theory can be viewed
as a kind of uniﬁcation of general relativity and (old) quantum me-
chanics.
In the absence of a quantum theory of gravity, which would
open the way to a quantum ﬁeld theory of all the interactions, it
is intriguing that so much can be accommodated by adding only
one extra dimension. However, certain issues remain, as outlined
in the following comments: (a) The present account focusses on
the vacuum as characterized by Λ, but ordinary matter needs to
be incorporated. The route to this is via a canonical metric like
(1) or a more general metric like (10), where the 4D part can de-
pend not only on the space–time coordinates xγ but also on the
extra coordinate x4 = l. (b) The physical meaning of this extra co-
ordinate needs to be clariﬁed, particularly in regard to how its
monotonic and oscillatory modes relate to wave-particle duality.
(c) The nature of the divergence in Λ(l), when l is shifted, needs
further investigation. This divergence differs from that found in
membrane theory, because it arises naturally from the ﬁeld equa-
tions, is asymmetric, and is traversable by the l-wave. (These and
other differences are why the label x4 = l is used in the canoni-
cal metric of space–time–matter theory, rather than the x4 = y in
the warp metric of membrane theory.) (d) The universe in a crude
approximation consists of empty voids and compact particles, so it
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describe both types of region. This could be done ‘by hand’, but
more organic ways include changing the sign of g44 by an hori-
zon (as in the 5D soliton solutions) or by a change in the scalar
potential from real to complex (if the behaviour of x4 is trans-
ferred to g44). (e) The particle-like and wave-like paths (5) for
l(s) employed above were derived by applying the 5D null-path
hypothesis (dS2 = 0) directly to the metric, thereby providing a
shortcut to solving the (4 + 1)D components of the 5D geodesic
equation. The latter in general shows small departures from the
standard 4D motion if there is matter present [11]. Remarkably, it
transpires that so long as the metric has the canonical form (1)
then l(s) of (5) is valid not only for vacuum but also for matter,
so it is a generic solution for motion in the extra dimension. The
5D null-path condition dS2 = 0 includes standard causality with
ds2  0, and implies that all particles are in ‘contact’ with each
other in 5D. However, there may be new aspects to be discovered
of 5D causality.
In short, it is apparent that the embedding of general relativ-
ity in an extra non-compactiﬁed dimension can lead to signiﬁcant
improvement in our understanding of vacuum physics.
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